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TOM TAT

Trong bai bao nay, ching t6i dé xuat hai thuat toan t6 hop hiéu qua tim t4t ca khoa
t6i thiéu va phan khoa ctia toan tir bao déng bang cach stt dung mo hinh siéu d6
thi. DY phtic tap cta cac thuat toan td6 hop nay ciing dwoc phan tich va ching

minh.

T khoa: Todn tit bao déng, khda t6i thiéu, phan khoa, siéu do6 thi.

1. MO PAU

Khéa t6i thiéu va phan khoéa la cac d6i twgng quan trong c6 nhiéu tng dung
cua toan tr bao déng. Bai toan xac dinh tat ca khoa toi thiéu, phan khoa cua toan ti
bao dong duoc biét co dd phurc tap thoi gian ham s6 mii. Do d6, day 1a cac bai toan cuc
kho cta todn tit bao dong [13-15].

Trong [15] chang toi da dung md hinh siéu d6 thi dé ti€p can cac van dé to hop
cua toan tt bao dong. Siéu d6 thi la mot ly thuyét toan hoc chuyén giai quyét cac van
dé t6 hop mot cach hiéu qua [7, 8]. Déc biét trong khoang may chuc nam tro lai day,
cong cu nay duoc cac nha nghién ctu st dung nhiéu trong cac linh vuc ¢é lién quan
dén khoa hoc mdy tinh, chéng han nhu co so dit liéu, cac hé suy dién, khai pha dit liéu,
ly thuyét quyét dinh, ... [2, 4, 5, 10-13].

Trong [15] chung t6i st dung md hinh siéu d6 thi dé dua bai toan tinh tat ca
khoa t6i thiéu cua toan tit bao dong vé bai toan sinh ra siéu do thi transversal cia mot
ho. Sau d¢ thiét 1ap moi twong quan gitra cac khoa t6i thiéu va phan khoa cta toan ti
bao déng bang siéu d6 thi. Trén co so cac két qua trén, trong bai bao nay ching t6i tiép
tuc tién hanh nghién ctru cac thuat toan t6 hop hiéu qua tim tat ca khoa toi thiéu va
phan khéa ctia toan tir bao déng bing cong cu siéu do thi. Cu thé ching t6i dé xu4t hai
thuat toan to hop tim tat ca khoa t6i thiéu va phan khoéa ctia toan ti bao déng. Céac
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thuat toan nay duoc chiing minh c¢é dd phtc tap thoi gian 1a ham s6 md, nhung cach
ti€p can va tinh toan theo kiéu t0 hop cua ly thuyét siéu do thi rat dé thyc hién.

V6i muc dich nhu vay, cau trac bai béo chia lam 4 phéan. Sau phan mé dau,
phén tht 2 trinh bay toan t bao dong, siéu d6 thi va cac két qua co so lién quan dén
phan 3. Phan th 3 gidi thiéu hai thuat toan t6 hop tim tat ca khoda tdi thiéu va phan
khoéa cua toan tir bao déng theo ti€p céan siéu do6 thi. Phan tich d phtec tap ciing nhu
gidi thiéu moét s6 vi du minh hoa cho cac thuét toan nay cing duoc dé cap trong phan
nay. Phan cu6i cung cuia bai bao la két luan.

2. CAC KHAI NIEM CO SO

Xét U 1a mot tap hiru han khéc rong bat ky. Ky hiéu 2V 1a tap lity thira caa U .
Anhxa f:2" - 2" thoa cac diéu kién sau:

(i) Xcf(X)
(i) XcY= f(X)< f(Y)
(iii) f(f(X))= f(X)

voimoi X,Y e2Y, duoc goi la mot todn tir bao dong (TTBD) trén U . Ky hiéu Ci(U) la tap
tat ca cac TTBD trén U .

Tap X cU dwoc goi la dong cua feCl(U) néu f(X)=X . Tap tat ca cac tap dong
cta f ky hiéu la Closed(f).

Ho Sc 2" dwoc goi la nita dan giao trén U néu cac diéu kién sau 1a ding:
() Ues
(il) VT c2¥,0#T cS=NT S.

RO rang Closed(f) la mot ntra dan giao. C6 thé thay [5] néu S la mot nira dan
giao thi anh xa f; xac dinh boi

fX)=N{yes:XcY|

la mot TTBD. Nguoc lai, néu f eCl(U) thi ton tai duy nhat mot nira dan giao S trén U

sao cho f=f,, vdi

S={XcU:f(X)=X}.
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Xét TTBD feCI(U). Mot tap con KU duoc goi la khoa cia f néu f(K)=U.
Truong hgp néu véi moi aeK tacd f(K-a)=U ' thi K dwoc goi la khda toi thiéu cua f .
Ky hiéu Key(f) la tap tat ca khoa t6i thiéu caa f .

Tap con K' cU duwoc goi 1a phdn khéa cia f néu K thoa cac diéu kién sau:

(i) fKH=U
(i) VaeU-K", f(K'ua)=U.

Ky hiéu Antikey(f) la tap tat ca phan khoda cta f. R0 rang cac phan khda chinh
la cac tap 16n nhat khong phai khoa. M6i quan hé gitra cac khda t6i thiéu va phan khoa
trén TTBD dwoc xac dinh la [13]:

NKey(f) =U —-NAntikey(f) .

Biéu dién nay cho thdy sy quan trong ctia cac phan khéa. Chung ta c6 thé xéac
dinh cac khoa t6i thiéu qua cac phan khoa. Sau day la hai bai toan quan trong cua
TTBD. Cac bai toan nay déu cuc kho, c6 d¢ phtic tap ham ma.

Bai toan 2.1. Cho truweéc mot TTBD f e Cl(U) . Tim tdp Key(f).
Bai toan 2.2. Cho trueéc mot TTBD f e Ci(U) . Tim tdp Antikey(f).

Mot siéu do thi H la mot cap (V,€) trong d6 V la mot tap hitu han cac phan tw
va &={E,,...,E,} la mdt ho cac tap con cia V. Nguoi ta goi cac phan tir cia V la céc
dinh va cac phan t& cta & 1a céc siéu canh hay canh. Luu ¥ rang mot s6 tac gia, chang
han [1], yéu cau tap cac canh ciing nhu mdi canh phai khac réng, va hop tat ca cac canh
phai bang tap dinh. Trong bai bdo nay chting ta khong yéu cau nhw vay. Nhu vay, mot
do6 thi vo hudng chinh 1a mot siéu d6 thi voi cac canh ¢ dung hai phan tu.

Néu khéng sg nham 1an, d€ thuan loi cho viéc ghi chung ta sé mo ta mot siéu

d6 thi bing tap canh ctia né va nguoc lai. Do d6, chting ta sé viét Ee M thay cho Ec&,
min(¥) thay cho (V,min(£)), van van.

Ky hiéu HG(V) la tap tat ca siéu do6 thi trén V.
Mot siéu d6 thi H dwoc goi la don néu
VE,E eH,E cE =E=E,.

Téap tat ca siéu d6 thi don trén V ky hiéu SH(V).

1 Ky hiéu X-4X-Y,Xua tuong ung lan luwot thay cho X\{a},X\Y,XuU{a} voéi moi
X,YcU;aeclU.
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Mot tap T <V duoc goi la mot transversal cia 'H e HG(V) néu voi moi Ec'H ta
c0 TNE=@. Ky hiéu Trs(H) la tap tat ca cac transversal cta H. MOt transversal
T e Trs(H) dwgc goi la t6i thiéu néu khdng ton tai mot tap con that sw T' cua T sao cho
T' e Trs(H). Tap tat ca cac transversal t6i thiéu ctia H con dwoc goi siéu do thi transversal
ctia M, va ky hiéu 1a Tr(H) . Nhw vay, c6 thé thay Tr(H) < SH(V).

Siéu d06 thi transversal ¢ cac tinh chat quan trong sau day.
Ménh deé 2.1. [1] Vi moi H,,H, e SH(V), ta cé
(1) H,=Tr(H,)<H, =Tr(H,).
(2) Tr(H) =Tr(H,)=H, =H,.
(3) Tr(Tr(H,))=H,.
Cht y rang véi moi H,, H, e SH(V), néu H, c Tr(H,) va H, cTr(H,) khong kéo
theo dugc H, =Tr(H,). Siéu d6 thi transversal c6 rat nhiéu tng dung trong nhiéu linh
vuc ctia khoa hoc mdy tinh. Tim mot transversal t6i thiéu 1a rat dé, chi thue hién trong

thoi gian da thirc. Tim tat ca cac transversal tdi thiéu thi cd kho hon, bai toan nay duoc
chiing minh c6 d¢ phttc tap 1a ham m.

Tuy vay, mot thuat toan td hop tim siéu do thi transversal rat hiéu qua duoc dé
xuat trong [7]. D) phtic tap cta thuét toan nay la ham mi, nhung trong nhiéu truong
hop chi la da thttc.

Thuat toan 2.1. [7] (Tim siéu do thi transversal)

Dau vao: H={E,E,,... E, }eHGV) véi V={a,...,a}.
Pau ra: Tr(H).
Phuwong phap:
Buwéc 1. Dat £ ={{a}:acE}.
Buoc k+1 (k<m). Gid st
£,=8|B,...B|

vOi B,NE, =@, i=1,.,t va S ={AeL :AnE_, #D}.

V6imoii (i=1,...,t,) sinhratap {B ua:acE,,}, vakyhiéula 4. A . Dt
L, =S U{A:AeS = Az Aj1<i<t, 1<I<r]

Buwoc m+1. Bat Tr(H)=L, .
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Thuat toan 2.1 ¢6 do phttc tap thoi gian la ham ma theo n. Tuy nhién, trong
nhiéu treong hop d6 phtc tap thoi gian chi la O(*m|Tr(H)F*) . Do d6, khi m nho thi
thuat toan rat hiéu qua.

Trong cac van dé t6 hop cua nhiéu linh vyce trong khoa hoc may tinh ¢6 thé tiép
can duwoc bf?mg siéu do thi, thi thuat toan nay thuong duoc st dung véi tinh hiéu qua
rat cao.

3. KET QUA

Khoa toi thiéu la khai niém quan trong va c6 nhiéu tng dung ctia TTBD. Bai
toan 2.1 xac dinh tap Key(f) v6i TTBD feCi(U) cho trudc la bai todn khd, c6 do phitc
tap thoi gian ham mii theo s& phan t& ctia U (chang han, xem [13-15]). Tim tap Key(f)
bang céch dua vao dinh nghia 16 rang khong hiéu qua. Sinh ra tap Key(f) tir cac d6i
twong cho triedc khéc, chang han nhu Antikey(f) cling rat phitc tap va khong that sw
hiéu qua (chang han, xem [13]). Bat dau tir TTBD cho trudc feCl(U), xac dinh ngay
Key(f) cho dén nay chua c6 thuat toan hiéu qua nao, ngoai trir trong cac thé hién cta
TTBD trén cac doi tuong cu thé Chéng han nhu quan hé, luoc d6 quan hé trong ly
thuyét co so dir liéu quan hé.

Béng nhan xét Key(f)eSH(U), tic la Key(f) la mot siéu do thi don. Chang t6i
da tiép da can van dé nay bang md hinh siéu d6 thi. Chung toi dung siéu d6 thi biéu
dién duoc tap Key(f) [15]. Khi d6, c6 thé van dung Thuat toan 2.1 rat hiéu qua dé sinh
ra tat ca khoa t6i thiéu cta TTBD.

Cu thé, chung ta xét ho

C(f)={C(X): XU},
véi C(X)=U - f(X).
Ho C(f) nay c6 tinh chat sau.
Ménh dé 3.1. [15]
(1) Bech).
(2) X lamot khéa cia f néu va chi néu C(X)=2.
Tt ho C(f), chiing ta xay dung:
Min(f)={Y eC(f):Y #D,(VZeC(f)=Y « Z)}.

C6 thé thay ngay Min(f) e SH(U), va sO phan tt caa Min(f) kha nho. Trong [15]

chung toi da biéu dién dwoc tap Key(f) qua siéu do6 thi transversal cia ho Min(f) nhu

sau:
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DPinh 1y 3.2. Vi moi f e Ci(U), ta cé
Key(f) =Tr(Min(f)) .

biéu nay c6 nghia ching ta c6 thé dung mo hinh siéu d6 thi d€ ti€p can cac
khoa t6i thiéu caa TTBD. Cu thé, dwa vao Dinh 1y 3.2, ching t6i dé xudt mot thuat toan
t0 hop hiéu qua tim tat ca cac khoa t6i thiéu cia mot TTBD. Sau d6, chung t6i phan
tich d0 phtec tap thoi gian ctia thuat toan cting nhw cho vi du minh hoa.

Thuét toan 3.1. TRKEY (Tim cic khéa toi thiéu)

Diu vao: feCiU) véi U={a,,a,,...,a,}.
Pau ra: Key(f).
Phuwong phap:
Budc 1. Xay dung ho:
C(f)={CcXx): X cU}

véi C(X)=U- f(X).
Budc 2. Tt ho C(f), tinh ho:

Min(f)={Y eC(f):Y #@,(VZeC(f)=Y & Z)}.
Budc 3. St dung Thuat toan 2.1, tinh siéu d6 thi transversal Tr(Max(f)) .

Budc 4. Dit Key(f) = Tr(Min(f)) .

Theo Pinh ly 3.2, 1d rang Thuat toan TRKEY tinh ddng tap Key(f). Biét rang
Min(f) 1a rdt nho, nén Budc 3 tinh siéu d6 thi transversal cia Min(f) theo Thuat toan
2.1 chi yéu cau thoi gian da thtec theo n, m va | Min(f)!. Diéu nay suy ra do phuec tap
thoi gian ctia Thuat toan TRKEY chinh la Budc 1 va Budc 2, tite la ham m theo 7.

Chung ta biét cac phan khda c¢6 vai trdo quan trong trong cac bai toan to hop
extremal cua TTBD [3, 6]. Bai toan 2.2 xac dinh tap Antikey(f) cling la bai toan cwc kho
trong TTBD, c6 d phtic tap thoi gian la ham mii theo s6 phan tt cia U, va cach tinh
cling rat phtic tap (chang han, xem [13]). Tuwong tu nhu khéa t6i thiéu, ching ta thay
Antikey(f) e SH(U), tikc 1a Antikey(f) 1a mot siéu d6 thi don trén U . Do d6, dan dén

trong [15] ching toi thiét 1ap dwoc moi quan hé gitta cdc phan khoa va khoa tdi thiéu
qua siéu d6 thi nhu sau.

Ménh dé 3.3. Vi moi f eCl(U), ta cé
(1) Antikey(f) = Min(f).

(2) Antikey(f)=Tr(Key(f))-
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Dua vao két qua nay, chtiing t6i dé xudt thuat toan t6 hop hiéu qua tim cac phan
khéa cua TTBD nhu sau.

Thuat toan 3.2. TRANTIKEY (Tim cic phan khoa)

Déu vao: feCl(U) véi U={a,,a,,...,a,}.
Dau ra: Antikey(f).
Phuwong phap:
Budc 1. Xay dung ho:
C(f)={C(X): X cU}
voi C(X)=U- f(X).
Buwdc 2. Ttr ho C(f), tinh ho:

Min(f)={Y eC(f):Y #@,(VZeC(f)=>Zz Y)}.

Buwdc 3. Tinh ho bu Min(f).

Bud6c 4. Dit Antikey( ) = Min(f) .

Theo Ménh dé 3.3 (1), rd rang Thuat toan TRANTIKEY tinh dung tap
Antikey(f) . Boi vi ho Min(f) rdt nhd, nén Budc 3 chi yéu cau thoi gian da thiic theo 1.

Do d6, cé thé thay do phuc tap thoi gian ctia Thuat toan TRANTIKEY la d6 phtc tap
thoi gian ctia Budc 1 va Budc 2, tikc la ham mi theo n.

Truong hop van dung Ménh dé 3.3 (2) va Thuat toan TRKEY, ching ta cling ¢
thé tinh dwoc tap Antikey(f) mot cach hiéu qua. D phuc tap cta cach nay cling ham

m theo n.
Vidu3.1. Xétanh xa f,:2" 52" véi aclU va

U, neuaeX

oo-|

X, nguoclai.

Dé kiém chiing duoc f, e CI(U) . Khi d6
C(f,)={U-f,(X): X cU}
va do do

() = e}

Min(f,)={U-a},
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Tr(Min(f,)) = {{a}} -
Nhuw vay Key(f,)={{a}} va Antikey(f,)={U-a}.

Vidu 3.2. Xét anh xa f:2" - 2", with U={a,,4,,4,,4,}, xac dinh boi:

X | f(X) X fX) X f(X) X f(X)
%) %) {a,} {a,,a,,a,} {a,,a,} {a,,a,} la,,a,,a,} | {a,,a,,a,}

{a} | {a} | {a,a,} | {a,,a,,a,} {a,,a,} {a,,a,,a,} | {a,,a,,a,} u

{a,} | fa)} | {a,a} | a4} {a;,a,} u {a,,a;,0,} u

{a} | Aas} | {ay,a,} | fay,a,,a,} | {a,,a,,a,} u u u
Ta co:

C(f) :{{az,as,a4},{al,as,a4},{a1,a2,a4},{a3},{a2,a4},{al,a4},®}
Min(f) = {{a3},{al,a4},{a2,a4}}
Min(f) = {{al,a3},{az,as},{al,az,a4}} .

Suy ra
Tr(Min(f)) = {{a,,a,,0,},{a,,a,}}.
Do d6
Key(f)={{a,,a,,,},{a, a,}},
Antikey(f)={{a,,a,} {a,a,},{a,,a,,a,}} .
4. KET LUAN

Bé”mg cach st dung md hinh siéu do thi, bai bdo dé xudt hai thuat toan td hop
tim tat ca khoa t6i thiéu va phan khoa caia mot TTBD cho trude. Céc thuét toan déu co
dd phtc tap ham s6 ma. Tuy nhién, cac thuéat toan nay thwc hién dwa vao tinh toan cac

cau trac t6 hop nhu ho Min(f) va Min(f) cung véi cong cu chuyén giadi quyét cac van

dé to hop la ly thuyét siéu do thi. Do d6, phuwong phap nay r6 rang thu vi va hiéu qua.
Cach ti€p can nay cting dugc chung to6i dang trién khai tng dung dé€ giai quyét

nhitng van dé lién quan dén bai toan rat gon thudc tinh trong cac hé thong thong tin

[91.
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SOME COMBINATORIAL ALGORITHMS ON CLOSURE OPERATIONS
BY HYPERGRAPH APPROACH
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ABSTRACT

In this paper, we present two efficient combinatorial algorithms that find all
minimal keys and antikeys of the closure operation using a hypergraph. The time

complexity of these combinatorial algorithms is proven.

Keywords: closure operation, minimal key, antikey, hypergraph.
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