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ABSTRACT 

This paper presents a reverse inequality for the matrix version of the weighted 

Arithmetic Mean - Geometric Mean (AM-GM) inequality. More precisely, for 𝑡 ∈

(0,1), 0 < 𝑚𝐼𝑛 ≤ 𝐴, 𝐵 ≤  𝑀𝐼𝑛, where 𝑚, 𝑀 are two positive real numbers, we prove 

that 

𝐴∇𝑡𝐵 ≤ max {
(1 − 𝑡) + 𝑡ℎ

ℎ𝑡
,
(1 − 𝑡)ℎ + 𝑡

ℎ1−𝑡
} 𝐴#𝑡𝐵, 

where #𝑡, ∇𝑡 are the weighted geometric mean and the weighted arithmetic mean, 

respectively, and ℎ =
𝑀

𝑚
. 

Keywords:  Matrix mean, arithmetic mean, geometric mean, reverse inequality, 

representing functions. 

 

1. INTRODUCTION 

Let 𝕄𝑛 stand for the algebra of 𝑛 × 𝑛 complex matrices and let ℙ𝑛 denote the set 

of positive definite matrices in 𝕄𝑛. Let 𝑓 be a real-valued function which is well-defined 

on the set of eigenvalues of a Hermitian matrix 𝐴. Then the matrix 𝑓(𝐴) can be defined  

by means of the functional calculus.  

In 1980, Kubo and Ando [1] introduced the theory of operator means. The main 

result in their paper is the one-to-one correspondence between operator means 𝜎 and 

operator monotone functions 𝑓𝜎 on (0, ∞) defined by 

𝐴𝜎𝐵 =  𝐴
1
2𝑓𝜎 (𝐴−

1
2𝐵𝐴−

1
2) 𝐴

1
2. (1) 



 

 

 

A reverse inequality for the weighted AM-GM inequality 
 

2 

Beside that, the authors also identified that the arithmetic mean and the harmonic mean 

are the largest and smallest elements, respectively, in the set of symmetric matrix means 

according to the order relation ≤, defined by 𝜎 ≤ 𝜏 if and only if 0 ≤ 𝜏 − 𝜎. From this 

result, we can easily obtain the inequality between the Arithmetic Mean ∇ and the 

Geometric Mean #: for two positive definite matrices 𝐴 and 𝐵,  we have 

𝐴∇𝐵 ≥ 𝐴#𝐵, (2) 

where 𝐴∇ 𝐵 =
𝐴+𝐵

2
 and 𝐴#𝐵 = 𝐴

1

2 ( 𝐴−
1

2𝐵𝐴−
1

2)

1

2
𝐴

1

2. In case of scalar, we have familiar 

inequality √𝑎𝑏 ≤
𝑎+𝑏

2
 for all positive real numbers 𝑎, 𝑏. 

 In 2006, Fujii and his co-authors [2] demonstrated that for 0 < 𝑚𝐼𝑛 ≤  𝐴, 𝐵 ≤  𝑀𝐼𝑛 

and 𝜎 is a symmetric mean, then  

𝐴∇ 𝐵 ≤
𝑚∇𝑀

𝑚𝜎𝑀
 𝐴𝜎𝐵. 

Hence, we have 

𝐴∇𝐵 ≤
1 + ℎ

2√ℎ
𝐴#𝐵, (3) 

where ℎ =
𝑀

𝑚
. This is a reverse inequality of (2). 

 In [3-5], the authors considered the problem of reversing some inequalities that 

involve matrix means by using Kantorovich constant 𝐾(ℎ) =
(1+ℎ)2

4ℎ
 and obtained some 

interesting results. Note that if we consider the quantity 
1+ℎ

2√ℎ
 and Kantorovich constant 

𝐾(ℎ) in relation to the representing function of matrix means, we find that  
1+ℎ

2√ℎ
 is the 

ratio of the representing function of the arithmetic mean to the geometric mean, while 

the Kantorovich constant is the ratio of the representing function of the largest 

symmetric matrix mean to the smallest one.  

 In some special cases we have the weighted matrix means. For example, the 

weighted means of arithmetic, geometric, and harmonic means are 𝐴∇𝑡  𝐵 = (1 − 𝑡)𝐴 +

𝑡𝐵, 𝐴#𝑡  𝐵 =  𝐴
1

2 ( 𝐴−
1

2𝐵𝐴−
1

2)
𝑡

𝐴
1

2, and 𝐴!𝑡 𝐵 = ((1 − 𝑡)𝐴−1 + 𝑡𝐵−1)
−1

, respectively, where 

𝑡 ∈ [0,1]. Although Kubo-Ando theory characterizes all possible matrix means, it does 

not clarify how weighted means correspond to symmetric ones. In 2013, Pálfia [6] 

defined a procedure for every symmetric matrix mean 𝜎 and introduced the weighted 

mean associated with a symmetric mean 𝜎, denoted by 𝜎𝑡 for all 𝑡 ∈  [0,1]. He also 

proved the weighted AM-GM inequality as follows: 

𝐴∇𝑡𝐵 ≥ 𝐴#𝑡𝐵 (4) 

 for all 𝑡 ∈ [0,1] and 𝐴, 𝐵 ∈ ℙ𝑛. 
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In this paper, we reverse the inequality (4) by using a value calculated from the 

representing functions of weighted means and consider some related inequalities. 

 

2. PRELIMINARIES 

Definition 1 ([1]). A binary operator 𝜎 ∶  ℙ𝑛 × ℙ𝑛 → ℙ𝑛 , (𝐴, 𝐵) ↦ 𝐴𝜎𝐵, is called a mean, 

or a Kubo-Ando mean, if the following requirements are fullfilled:  

(i) 𝐴 ≤ 𝐶 and 𝐵 ≤  𝐷 imply 𝐴𝜎𝐵 ≤ 𝐶𝜎𝐷. 

(ii) 𝐶(𝐴𝜎𝐵)𝐶 ≤ (𝐶𝐴𝐶)𝜎(𝐶𝐵𝐶). 

(iii) 𝐴𝑘 ↓ 𝐴 and 𝐵𝑘 ↓ 𝐵 imply (𝐴𝑘𝜎𝐵𝑘) ↓ 𝐴𝜎𝐵. 

(iv) 𝐼𝑛𝜎𝐼𝑛  =  𝐼𝑛 for identity matrix 𝐼𝑛. 

A mean is symmetric if 𝐴𝜎𝐵 = 𝐵𝜎𝐴. 

Three well-known symmetric means are the arithmetic mean, harmonic mean, 

and geometric mean, denoted by ∇, ! and #, respectively. Their formulas are as follows: 

𝐴∇ 𝐵 =
𝐴+𝐵

2
,  𝐴 !  𝐵 =  2 (𝐴−1 + 𝐵−1)−1, 𝐴#𝐵 = 𝐴

1

2 ( 𝐴−
1

2𝐵𝐴−
1

2)

1

2
𝐴

1

2. 

Theorem 2 ([1]). Let 𝜎 be a Kubo-Ando mean. Then exists an operator monotone function 𝑓𝜎 on 

(0, ∞) such that 𝑓𝜎(1)  =  1 and 𝐴𝜎𝐵 =  𝐴
1

2𝑓𝜎 (𝐴−
1

2𝐵𝐴−
1

2) 𝐴
1

2 for all 𝐴, 𝐵 ∈ ℙ𝑛 . The function 

𝑓𝜎 is called the representing function of 𝜎. 

The representing function of arithmetic mean ∇ is 𝑓∇(𝑥) =
𝑥+1

2
 while that of 

harmonic mean is 𝑓!(𝑥)  =
2𝑥

1+𝑥
, and the representing function of geometric mean # 

is 𝑓#(𝑥) = 𝑥
1

2. 

Theorem 3 ([1]). Arithmetic mean is the maximum of all symmetric means while harmonic mean 

is the minimum. 

In [6], the author defined a procedure for every symmetric matrix mean σ as 

follows: 

Definition 4 ([6]). Let 𝜎 be a symmetric matrix mean, 𝐴, 𝐵 ∈ ℙ𝑛 and 𝑡 ∈ [0, 1]. Let 𝑎0 = 0, 

𝑏0 = 1, 𝐴0 = 𝐴, 𝐵0 = 𝐵. Define 𝑎𝑚, 𝑏𝑚, 𝐴𝑚, 𝐵𝑚 recursively by the following procedure 

for all 𝑚 = 0, 1, 2, . ..: 

if 𝑎𝑚  = 𝑡 then 

𝑎𝑚+1 = 𝑎𝑚 and 𝑏𝑚+1 = 𝑎𝑚, 𝐴𝑚+1 = 𝐴𝑚 and 𝐵𝑚+1 = 𝐴𝑚 

else if 𝑏𝑚 = 𝑡 then 
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𝑎𝑚+1 = 𝑏𝑚 and 𝑏𝑚+1 = 𝑏𝑚, 𝐴𝑚+1 = 𝐵𝑚 and 𝐵𝑚+1 = 𝐵𝑚 

else if 
𝑎𝑚+𝑏𝑚

2
≤ 𝑡 then 

𝑎𝑚+1 =
𝑎𝑚+𝑏𝑚

2
 and 𝑏𝑚+1 = 𝑏𝑚, 𝐴𝑚+1 = 𝐴𝑚𝜎𝐵𝑚 and 𝐵𝑚+1 = 𝐵𝑚 

else 

𝑏𝑚+1 =
𝑎𝑚+𝑏𝑚

2
 and 𝑎𝑚+1 = 𝑎𝑚, 𝐵𝑚+1 =  𝐴𝑚𝜎𝐵𝑚 and 𝐴𝑚+1 = 𝐴𝑚 

end if 

The following figure illustrates the procedure described above. 

 

Theorem 5 ([6]). The sequences 𝐴𝑚, 𝐵𝑚 given in Definition 4 are convergent and have the same 

limits point. 

Definition 6 ([6]). The common limit point of 𝐴𝑚, 𝐵𝑚 in Theorem 5 will be denoted by 

𝐴𝜎𝑡𝐵 and it is considered as the corresponding weighted mean to a symmetric matrix 

mean 𝜎. 

Proposition 7 ([6]). 𝐴𝜎𝑡𝐵 yields the correct corresponding weighted means in the case of the 

arithmetic, geometric, harmonic means. More precisely, we have 

𝐴∇𝑡  𝐵 = (1 − 𝑡)𝐴 + 𝑡𝐵,   𝐴#𝑡  𝐵 =  𝐴
1

2 ( 𝐴−
1

2𝐵𝐴−
1

2)
𝑡

𝐴
1

2,   𝐴!𝑡 𝐵 = ((1 − 𝑡)𝐴−1 + 𝑡𝐵−1)
−1

. 

Corollary 8 ([6]). For every symmetric matrix mean 𝜎, there is a corresponding one parameter 

family of weighted means 𝜎𝑡 for 𝑡 ∈  [0, 1]. Let 𝑓𝜎(𝑥) be the normalized operator monotone 
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function corresponding to 𝜎. Then, similarly we have a one parameter family of normalized 

operator monotone functions 𝑓𝜎𝑡
(𝑥) corresponding to 𝜎𝑡. 

 

3. MAIN RESULTS 

 Let consider the weighted mean 𝜎𝑡 corresponding to a symmetric matrix mean 

𝜎, where 𝑡 ∈ [0, 1] and 𝑓𝜎𝑡
(𝑥) denoted by the representing function of 𝜎𝑡. We have 

𝑓𝜎0
(𝑥) = 1 and 𝑓𝜎1

(𝑥) = 𝑥, so we can consider 𝑡 ∈ (0, 1). 

In next theorem, we generalize the inequality (3) and reverse the inequality (4) 

for the case of #𝑡 and ∇𝑡, where 𝑡 ∈ (0, 1).  

Theorem 9. For 𝑡 ∈ (0, 1), 0 <  𝑚𝐼𝑛 ≤ 𝐴, 𝐵 ≤ 𝑀𝐼𝑛 where 𝑚, 𝑀 are two positive real numbers, 

let ℎ =
𝑀

𝑚
  we have 

𝐴∇t𝐵 ≤ max {
(1−𝑡)+𝑡ℎ

ℎ𝑡 ,
(1−𝑡)ℎ+𝑡

ℎ1−𝑡 } 𝐴#𝑡𝐵, (5) 

where ∇𝑡 and #𝑡 are weighted arithmetic mean and weighted geometric mean, respectively. 

Proof.  

We have the representing functions of #𝑡 and ∇𝑡 are 𝑥𝑡 and (1 − 𝑡) + 𝑡𝑥, 

respectively.  

We consider the function 𝑔(𝑥) =
(1−𝑡)+𝑡𝑥

𝑥𝑡  . The variation table for this function on 

[
1

ℎ
, ℎ] is as follows: 

𝑥 
1

ℎ
  1  ℎ 

𝑔′(𝑥)  − 0 +  

𝑔(𝑥) 

𝑔 (
1

ℎ
)  

 

 

1 

 

𝑔(ℎ) 

Thus, max
[

1

ℎ
,ℎ]

𝑔(𝑥) = max {𝑔 (
1

ℎ
) , 𝑔(ℎ)} = max {

(1−𝑡)+𝑡ℎ

ℎ𝑡 ,
(1−𝑡)ℎ+𝑡

ℎ1−𝑡 } and hence 

𝑓∇𝑡
(𝑥) ≤ max {

(1 − 𝑡) + 𝑡ℎ

ℎ𝑡
,
(1 − 𝑡)ℎ + 𝑡

ℎ1−𝑡 } 𝑓#𝑡
(𝑥) 

for all 𝑥 ∈ [
1

ℎ
, ℎ].  

Since 
1

ℎ
𝐼𝑛 ≤ 𝐴−

1

2𝐵𝐴−
1

2  ≤  ℎ𝐼𝑛, we have 
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𝑓∇𝑡
(𝐴−

1
2𝐵𝐴−

1
2) ≤ max {

(1 − 𝑡) + 𝑡ℎ

ℎ𝑡
,
(1 − 𝑡)ℎ + 𝑡

ℎ1−𝑡 } 𝑓#𝑡
(𝐴−

1
2𝐵𝐴−

1
2) 

and hence 

𝐴∇𝑡𝐵 = 𝐴
1

2𝑓∇𝑡
(𝐴−

1

2𝐵𝐴−
1

2) 𝐴
1

2  

≤ max {
(1 − 𝑡) + 𝑡ℎ

ℎ𝑡
,
(1 − 𝑡)ℎ + 𝑡

ℎ1−𝑡 } 𝐴
1
2𝑓#𝑡

(𝐴−
1
2𝐵𝐴−

1
2) 𝐴

1
2 

= max {
(1 − 𝑡) + 𝑡ℎ

ℎ𝑡
,
(1 − 𝑡)ℎ + 𝑡

ℎ1−𝑡 } 𝐴#𝑡𝐵. 

 

For 𝑡 ∈ (0, 1), let 𝐾𝑡,ℎ = max {
(1−𝑡)+𝑡ℎ

ℎ𝑡 ,
(1−𝑡)ℎ+𝑡

ℎ1−𝑡 }. By using the properties of a positive 

unital linear map and the properties of a mean, we can derive the following corollary: 

Corollary 10. Let 0 < 𝑚𝐼𝑛 ≤ 𝐴, 𝐵 ≤ 𝑀𝐼𝑛 and let Φ be a positive unital linear map, we have: 

(1) Φ(𝐴∇𝑡𝐵) ≤ 𝐾𝑡,ℎΦ(𝐴#𝑡𝐵). 

(2) Φ(𝐴∇𝑡𝐵)  ≤  𝐾𝑡,ℎ(Φ(𝐴)#𝑡Φ(𝐵)). 

Remark. In case 𝑡 =
1

2
, we have #1

2

= #, ∇1

2

= ∇ and the inequality (5) is exactly the 

inequality (3). 

 

4. CONCLUSION 

 By utilizing the properties of the representing functions of matrix means, this 

paper presents a reverse inequality of the weighted AM-GM inequality. The 

generalization of this result to cases involving two other weighted means remains an 

open question and is the focus of our future research. 
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TÓM TẮT 

Bài báo này giới thiệu một bất đẳng thức ngược của bất đẳng thức Trung bình cộng-

Trung bình nhân có trọng số dạng ma trận.  Cụ thể, với 𝑡 ∈ (0,1), 0 < 𝑚𝐼𝑛 ≤ 𝐴, 𝐵 ≤

 𝑀𝐼𝑛 với 𝑚, 𝑀 là hai số thực dương, bài báo chỉ ra rằng 

𝐴∇𝑡𝐵 ≤ max {
(1 − 𝑡) + 𝑡ℎ

ℎ𝑡
,
(1 − 𝑡)ℎ + 𝑡

ℎ1−𝑡
} 𝐴#𝑡𝐵, 

trong đó #𝑡, ∇𝑡 lần lượt là trung bình nhân có trọng số và trung bình cộng có trọng 

số và ℎ =
𝑀

𝑚
. 

Từ khóa: Trung bình ma trận, trung bình cộng, trung bình nhân, bất đẳng thức 

ngược, hàm biểu diễn. 
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