TAP CHI KHOA HOC VA CONG NGHE, Truong Pai hoc Khoa hoc, DH Hué
Tap 32, S6 1C (2025) ISSN: 2354-0842

DOI: 10.64302/joshusc.v32n1c.1317

NGHIEN CUU PAC TINH ROI VA LAI LUONG TU DUA TREN TRANG THAI
KET HOP CAP BANG PHUONG PHAP THEM HAI CAP PHOTON

Hb Sy Chuong!, Nguyén Phuong Uyén!, Nguyén Thi Thu Thay?,

Lé Thi Hong Thanh?, Truong Minh Dirc

1Truong Dai hoc Dong Nai

2Treong Dai hoc Quang Nam

3Truong Dai hoc Sw pham, Dai hoc Hué

*Email: hosichuong@gmail.com

Ngay nhdn bai: 5/10/2025; ngay hoan thanh phan bién: 8/10/2025; ngay duyét ding: 01/11/2025

TOM TAT

Trong nghién cttu nay, ching toi st dung phuwong phap thém hai cap photon lén hai
mode cua trang thai két hgp cdp (PCS) d€ thu duoc trang thai két hop cap thém hai
cap photon (TPPA-PCS). D€ nghién ctru ddc tinh dan rdi, tiéu chuan dan rdi Hillery
da duoc ap dung. Két qua cho thdy TPPA-PCS la trang thai bi rdi khi bién do két
hop khong qua nho. Tinh chat lai lwgng tir caa TPPA-PCS cling duoc khao sat chi
tiét. Cac két qua chi ra rang TPPA-PCS c6 tinh chat 14i lwong ti theo diéu kién 1ai

Cavalcanti, dong thoi thé hién tinh chat mode a lai dwgc mode b theo diéu kién lai

Iwong tix EPR.

T khoa: Lai luong tir, R6i lwong tit, Trang thai két hop cédp, Trang thai két hop cap
thém hai cap photon.

1. MO PAU

DPan r6i va lai lwong tor da duoc thao luan tir nam 1935 bdi Einstein, Podolsky,
Rosen [1, 2] va Schrodinger, cac khai niém nay da noi lén maoi lién hé dac biét gitra toa
dd va xung lugng cta ching. Ban dau hai dac tinh nay duoc cho la vi pham nguyén ly
bat dinh Heisenberg, nhung vé sau cac thuc nghiém da chiang to su ton tai ctia ching.
Cac trang thai c6 tinh chat dan rdi, 1ai luong ti c6 tiém nang ap dung vao cac linh vyce
nhuw tinh toan lwong ti, thong tin luong t, vién tai lwong ti.

Viéc xac dinh trang thai dan rdi la nhiém vu quan trong trong viéc tim ra cac
nguon rdi phuc vu cho cac nhiém vu lwong tir. D€ lam dwgc diéu do can cd cac tiéu
chuén cu thé. Bat déng thirc Bell, ting la thudc do chinh, nay dwoc nhan dinh la chua
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du. Cac nha khoa hoc da lién tuc phat trién nhiing tiéu chi chat ché hon: tir diéu kién can
va du cua Horodecki [3] cho cac hé nhd, dén phuong phap dua trén ma tran mat do cta
Peres [4], hay tiéu chuan chuyén vi ting phan duong ctia Pawel Horodecki [5]. Cac
nghién ctru con mo rong kham pha cac trang thai vi pham hé thiec bat dinh cuc bg, véi
nhitng dong gop quan trong tit Van Loock va S. L. Braunstein [6], Hillery va Zubairy [7],
Nha va Kim [8].

Lai luong tte, du ra doi cung ltc véi dan r6i, nhung it duwoc quan tam do Tam
twong roi va lai lwgng te 1a moét. Tuy nhién, cdng trinh cua Werner (1989) va Bowen
(2003) [9] da minh chiing rang khong phai moi trang thai dan rdi déu mang tinh 14i. Phat
hién nay da thuc day Wiseman, Jones va Doherty [10] dua ra cac dinh nghia toan tt
chuén xac cho ca dan rdi, 14i va bat dinh x& Bell vao cic nam 2006 va 2007. Nho d6, viéc
tim kiém diéu kién cho trang théi lai lwong ttr da trd thanh mot trong tam nghién ctu
moi mé va day hira hen nhu Cavalcanti va cac cong su [11], Kalaga va Leonski [12].

Trang thai két hop cap (PCS) duoc Agarwal [13] tim ra tir thuc nghiém va gidi
thiéu vao nam 1986, xuat phat tir viéc 6ng nhan thdy cac photon thuong dugc tao ra hodc
huy di theo cdp trong cac van dé quang phi tuyén. Trang thai nay c6 nhiéu tinh chat phi
0 dién dang cha y [13,14]. Viéc thém hodc bét photon vao PCS gitp tao ra cac trang théi
mdi véi tinh chat phi ¢6 dién duoc tang cuong, mo ra nhiéu ting dung tiém nang trong
thong tin va diéu khién luong ti [15]. D6 la trang thai riéng ctia toan tir huy cdp photon

db vatoanter Q=4'a- b'b , dwoc biéu dién nhu sau:
ab|¢.q) = &[¢.a); (1)
(a'a-b'b)|¢,a)=al¢,a), (2
trong d6 &', &, bt, b Tan lwot 1a toan ti sinh, htty mode a va mode b; |§ : q) la trang thai

két hop cdp; g la tham s6 suy bién chi sy khac nhau vé s6 photon gitta hai mode cta
treong. (PCS) dugc khai trién theo cac trang thai Fock dudi dang:

£q). = ——=[N,n+(q)_, 3)
| >ab %;m| >ab
trong do, & la s6 phttc va cd dang & = re’: rlabién do két hop, ¢la tham s pha (¢ € R)

va Aq1a hé s6 chuan hod dwoc xac dinh boi:

A {ZL} ) @

=ni(n+q)!
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2. TRANG THAI HAI MODE KET HOP CAP THEM HAI CAP PHOTON

Ky thuat thém, bét photon thuong duoc st dung dé€ lam thay doi trang théi don
hodc da mode ban dau, trong d6 ¢ PCS, nhim thu duoc cac trang thai mdi cd céac tinh
chat phi c6 dién bi thay d6i manh. Nhiéu nghién cttu chi ra ky thuat nay c6 thé duoc st
dung d€ tang ceong cac tinh chét phi cd dién nhw tinh chét nén, tinh chat phan két chum,
tinh chat phan b phi Gauss, tinh chat thong ké sub-Poisson va ddc biét la tinh chat dan
r8i ctia PCS [15-21].

D€ xay dung trang thai hai mode két hop cap thém hai cdp photon, toan t&r sinh
bac hai dwgc st dung dé tac dung 1én tirng mode a va b ctia trang thai két hop cap. Trang
thai méi, ky hiéu la |®)_ , duoc biéu dién nhu sau:

[@),,=B.a"b" [£.0),,. (5)
trong d6 By la hé s6 chuan hoa cia TPPA-PCS.
Bang cach thay PCS 6 (3) vao (5) va tinh toan, thu dwgc dang TPPA-PCS nhu sau:

| > B qu(f \/n+2 '\jn+q+2

ni(n+q)!
Ttr diéu kién chuan hoa do6i vdi TPPA-PCS, hé s6 chuan hoa B; dwoc xac dinh

“[n+2,n+q+2). (6)

n+2) (n+qg+2)!
n! [(n+q)!}2

Dé€ thuan tién cho viéc nghién ctru tinh chat dan rdi va 1ai lwgng ti, mét s6 dai

(ab)f", (N,), (Ny)

lwong lién quan dén tri trung binh ctia TPPA-PCS bao gdom (N,N, ),
va (N, )(N,) da dugc xdc dinh nhu sau:

(NN, )= qu&zglflz"(n+1)(n+i?zr(]:(;!+1)(n+w2)2; -
(a0 =5 A" ;sﬂ“(mﬂ)(m;m;)c:+z><m+q+3> ; ©
N)=B2 Aqz:zolflz”(nﬂ)(m nZ!)(Zn(Z ;—)?+1)(n+q+2); 10)
N)= B, qu Icflzm(m+1)(m+m2!25nm++q<;!+1)(m+q+2)2; (1)
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n+1)(n+2)2(n+q+1)(n+q +2)

(N =8, a3 L

) ni(n+q)! 2 12
><i|§| (m+1)(m+2)(m+q+1)(m+q+2) |
~ mi(m+q)!

3. TEINH CHAT ROI LUONG TU

RAi lwong tir (Quantum Entanglement) la mot hién tuwgng déc trung ctia co hoc
luong ttt, noi trang thai cua hai hay nhiéu hat tro nén lién két chat ché véi nhau mét cach
phi c6 dién. Khi trang thai cia moét hat trong cap bi roi duoc do, trang thai cua cac hat
con lai sé€ duoc xac dinh ngay lap tirc, bat ké khoang cach gitta ching,.

D€ xac dinh tinh dan r6i cta trang thai hai mode két hop cdp thém hai cap
photon, nghién cttu nay ap dung hai diéu kién dan rdi cua Hillery va Zubairy [7].

Diéu kién :
R=[(ab)|" —(N,)(N,)>0. (13)

Mot trang thai duoc goi la dan r6i néu thoa man diéu kién nay. Ham R dwoc xac
dinh bang cach thay cac s& hang & (9), (12) vao (13). Két qua thu dwoc:

R=[(@b)f" (N, )(N,)

_BAA* gézm”(m2)(mr:!?£)n(]n:;)0!l+2)(m+q+3)

g Bl (n+1)(n+2)° (n+q+1)(n+q+2)
i n; ni(n+q)!

X§|§|Zm (m+1)(m+2)(m+q+1)(m+q +2)2'

Két qua khao sat tinh chat dan rdi cta trang thai hai mode két hop cap thém hai

(14)

mi(m+q)!

cdp photon dwra vao ham R duwoc cho trong hinh 1.
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4

Hinh 1. D6 thi ham R theo r véi gia tri g lan luot 1a 0; 3; 6; 10.

Su phu thudc dan r8i cua hinh 1 dwgc xét trong khoang 0 < r < 10 véi cac gia tri
g téng dan twong tng g = 0 ing véi duong lién nét, g = 3 tng voi duong dit nét, g = 6
tng voi duong gach cham, g =10 ting véi duong chdm. Tt d6 thi ta thay, tng véig=0,
khi r < 2,48 d6 thi khong c6 tinh dan r6i, tuy nhién khi r > 2,48 tinh chat dan r6i xuét hién
Tit d6 ta nhan thay rang khi g cang nho, tinh chat dan r&i xuat hién trong mién r cang
rong. Hon nita khi r cang ting, mdi duong cong theo cac gid tri g déu cé xu huéng di 1én
cho th&y mttc 46 dan rdi ting manh. Do d6 chiing t6i két luan rang, trang thai hai mode
két hop cédp thém hai cap photon phu thudc manh vao tham s& g va bién d¢ két hop r.
Nhu vay TPPA-PCS la trang thai dan rdi khi chon gid tri tham sd g phit hop, trong mién
r nhét dinh, theo diéu kién (13) ctia Hillery — Zubairy.

4. TINH CHAT LAI LUQNG TU

Lai lugng tit (Quantum Steering) la mot dang twong quan leong tt trung gian
gitra dan rdi va bat dinh x¢ Bell. N6 cho phép mét bén thuc hién cac phép do 1én phan
cua hé bi rdi va suy ra trang thai cua phan hé & xa ma khong can thye hién bat ky phép
do nao. Khéi niém nay ban dau bi nham 1an véi dan r6i, nhung cac nghién ctru sau nay,
d3c biét 1a cia Werner, da lam 16 rang khong phai moi trang théi r&i déu c6 tinh 14i. Lai
luong tir c6 nhiéu ¢tng dung quan trong trong thong tin lwong tk, bao gom tinh toan
lwong ttt, ma hoa lwong ttr va vién tai luong ti.
4.1. Diéu kién 14i lwgng tix cia Cavalcanti

Dai véi trang thai Fock, diéu kién 1ai lwgng tir cua Cavalcanti [11] cho trang thai
hai mode duoc biéu dién dwéi dang:
biéu kién :

Q=[(ab)’ ~(N,N,)~N, /2>0. (15)

Ttr cac két qua tinh toan, ham Q duoc viét dudi dang twong minh nhu sau:
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2m+1(m+2)(m+3)(m+q+2)(m+q+3) 2
mi(m+q)!

Q=B A’ ilél

2”(”+1)(”+2)2(n+q+1)(n+q+2)2
n=0 ni(n+q)!
Lgaprs N (mey(me2)(m g (meqr2)

o, mi(m+q)!

(16)

Két qua khao sat tinh chat 14i luong tr ctia trang thai hai mode két hop cdp thém
hai cdp photon dyra vao ham Q dwgc cho trong Hinh 2.
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Hinh 2. D6 thi ham Q theo r vdi gia tri g [an lwot la 85; 90; 95.

St phu thudc 14i luegng tir & Hinh 2 dwgc xét trong khoang 0 < r < 30 cia Q ung
vdi cac gia tri ¢ ting dan twong tng g = 85 tng voi duong lién nét, g = 90 ing vdi duong
dut nét, g = 95 tng véi duong gach chdm. Ttr d6 thi ta thdy, tng vdi g =95, khir < 14,94
d6 thi khong c6 tinh chat 14i, khi r > 14,94 tinh chat 14i bat dau xuat hién trong mién r.
Ttr d6 ta nhan thay khi g cang 16n thi tinh chat 14i lwong tir xuét hién trong mién r cang
rong. Mobi duong cong déu cé xu hudng di 1én cho thdy miec d6 14i lwong & ting manh
khi r ting. Tuy nhién véi gia tri  bé thi van c6 ving khong c6 tinh chat 1ai. Nhu vay
trang thai hai mode két hop cdp thém hai cdp photon théoa man diéu kién (15) caa
Cavalcanti.

4.2. Diéu kién 14i lwgng tix cia EPR

Cac diéu kién lai EPR [1,2] ciia mét trang thai, ddc trung cho hai mode a va b duoc
xéc dinh thong qua cac bat dang thitc sau:

Diéu kién 1:

L1=|<ab>|2—<Na>(<Nb>+%j>0. (17)
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Diéu kién 2:
2 1
L, =|(ab)| —<Nb>(<Na>+Ej>O. (18)

DaGi véi trang thai hai mode, mode a c6 thé lai mode b khi diéu kién 1 duoc thoa
man hoac nguoc lai khi diéu kién 2 duoc thoa man. Tt cac két qua tinh toan & (9), (10)
va (11), cac ham L1, L2 dugc xac dinh duwdi dang tuong minh nhw sau:

2m+1(m +2)(m+3)(m+qg+2)(m+q +3)]2

L = Bq4AJ4 {i |§|

mi(m+q)!
LB Afio'f'z"(”*”‘”*f{ﬁ_’j;ﬁ*”‘”*q”)} 1)

2 o |E T (M) (m+2)(m+g+l)(m+g+2)” 1
[Bq A mZ:O m!(m+q)! +2}'

‘ e mi(m+q)!

_LB‘*ZA‘ZZ)W(m+1)(m+2)(m+q+1)(m+q+2)zJ 0)

mi(m+q)!
[quphzglél <n+1)<n+§!>(n(:;)?+l><n+q+2>+1]

Két qua khao sat tinh chat 14i luong tr cta trang thai hai mode két hop cdp thém
hai cdp photon dwra vao ham L: va L2 dwoc cho trong hinh 3.
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(b)
Hinh 3. Cac d6 thi ham L1 va L2 phu thudc vao bién d¢ két hop r va tham s6 4. O hinh (a), cac
do thi twong Gng véi diéu kién 1 véi gia tri ¢ lan luot 1a 15; 30; 60. O hinh (b), cac d6 thi

twong tng voi diéu kién 2 voi gid tri g [an lugt 1a 0; 1; 2.
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Sw phu thudc 1i lwong tir cia hinh (3a) xét trong khoang 0 < r < 50 tng vdi cac
gia tri g tang dan tuong tng g = 15 tng voi duong lién nét, g = 30 ing voi duong dut nét,
g = 60 tng voi duong gach chdm. T d6 thi ta thay, ing vdi g = 15 khi r > 17,36 tinh chat
14i bat dau xudt hién trong mién r. Hon nita khi r cang ting, mdi duong cong theo cac
gia tri g déu 6 xu hudng di 1én cho thdy muc d6 14i lwong tir ting manh. Do d¢, trang
thai hai mode két hop cdp thém hai cdp photon phu thudc vao tham s6 g va mién r. Nhuw
vay, trang thai hai mode két hop cap thém hai cdp photon cé tinh chat 1ai lwong tte theo
diéu kién 1 ctia EPR, nghia la mode a 1ai dwoc mode b.

St phu thugc tinh 14i Irong tt ctia hinh (3b) xét trong khoang 0 < r < 100 tng
véi cac gia trj g tdng dan twong tng g = 0 ting véi duong lién nét, g = 1 ting voi duong
dut nét, g = 2 ing v6i duong gach cham. T d6 thi ta thay L2 ludn am trong moi mién
0 < r <100. Vay trang thai hai mode két hop cap thém hai cap photon lén cac mode
khong c6 tinh chat lai lugng tir theo diéu kién 2 cua EPR, mode b khong lai duoc mode
a.

Sau khi xét cac diéu kién lai lwong tir cua Cavalcanti va diéu kién lai lwong tr cua
EPR, trang théi hai mode két hop cdp thém hai cap photon thdéa man diéu kién 2 cta
Cavalcanti va mode a 14i mode b theo diéu kién lai lwgng tir cua EPR. Nhu vay, theo cac
diéu kién ma toi khao sat, trang thai hai mode két hop cdp thém hai cdp photon c6 tinh
chat 1ai lugng tu.

5. KET LUAN

Trong nghién cttu nay, chiang t6i da tap trung vao viéc nghién cttu trang thai két
hop cip va xay dung duoc trang thai hai mode két hop cip dwoc tao thanh bang phuong
phéap thém hai cdp photon. D€ danh gia mot so tinh chat phi ¢ dién cua trang thai méi
nay, diéu kién xét tinh dan r6i ctia Hillery — Zubairy cting cac diéu kién xét tinh lai luong
tr cua Cavalcanti va EPR da duoc gidi thiéu va ap dung.

Két qua thu duoc khi 4p dung diéu kién dan rdi caa Hillery — Zubairy cho thay
trang thdi hai mode két hop cdp thém hai cdp photon thé hién r6 rang tinh dan rdi. Khi
tiép tuc khao sat bang cac diéu kién 1ai luong tit cia Cavalcanti va EPR, cac phan tich ly
thuyét va két qua tinh toan (két hop véi d6 thi minh hoa) da chi ra rng, trang thai dang
xét khong nhiing c6 tinh chat dan r6i ma con ¢6 tinh chat 1ai luong tt, trong dé mode a
c6 thé 14i dwoc mode b. Phat hién nay mang ¥ nghia quan trong, dong thoi khang dinh
rang c6 thé ton tai nhitng trang théi lirgng ti vira c6 tinh chat dan rdi vira cé tinh chat
lai luong tir, mot yéu td then chdt trong cac tng dung cua thong tin luong ti.

Tiém néng phat trién cua bai bao la rat 16n. Nghién ctru khong chi diing lai 6 viéc
khao sat hé hai mode ma hoan toan c6 thé moé rong sang hé da mode phtrc tap hon. Bén
canh d¢, viéc thém hai cdp photon c6 thé duoc khai quat hoa thanh thém photon va bét
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photon trén cac mode, mo ra kha nang kham pha cac trang thai lvong tit mdi. Muc tiéu
hudng téi 1a tim ra nhiing trang thai so hitu tinh chat dan r6i va tinh chat 14i luong ti
manh mé hon, qua d6 nang cao kha nang ttng dung ctia chting trong cac giao thirc thong
tin luong tk tién tién nhw vién tai luong tir. Néu co6 diéu kién thuan 1oi, ching t6i mong
muon tiép tuc di sau nghién ctru va khai thac nhiing hudng phat trién day hira hen nay
trong tuong lai.

LOI CAM ON

Nghién cttu nay duoc tai tro boi Bo Gido duc va Dao tao thong qua dé tai khoa
hoc va cong nghé cap B9, ma so: B2025-DHH-03.
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STUDY ON ENTANGLEMENT AND QUANTUM STEERING PROPERTIES
BASED ON PAIR COHERENT STATES USING THE TWO-PAIR-PHOTON
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ABSTRACT

In this study, we employ the two-pair-photon addition technique on both modes of
a pair coherent state (PCS) to generate the two-pair-photon-added pair coherent
state (TPPA-PCS). The entanglement properties of the state are analyzed using the
Hillery entanglement criterion. The results reveal that the TPPA-PCS exhibits
entanglement when the coherent amplitude is not too small. Furthermore, the
quantum steering properties of the TPPA-PCS are examined in detail. The analysis
shows that the TPPA-PCS satisfies the quantum steering condition according to the
Cavalcanti criterion and demonstrates one-way quantum steering, in which mode a

can steer mode b according to the EPR steering criterion.

Keywords: Quantum steering, Quantum entanglement, Pair coherent states, Two-

pair-photon-added pair coherent States.
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